In the analysis of complex phenomena of acoustic systems, the computational modeling requires special attention for a realistic representation of the physics. As a powerful tool, the nite element method has been widely used in the study of complex systems. In order to capture the important physical phenomena, p-nite elements and/or hp-nite elements are employed. The reproducing kernel particle methods (RKPM) are emerging as an e ective alternative due to the absence of a mesh, and the ability to analyze a speci c frequency range. In this study, a wavelet particle method based on the multiresolution analysis encountered in signal processing has been developed. The interpolation functions consist of spline functions with a built-in window which permits translation as well as dilation. A variation in the size of the window implies a geometrical re nement, and allows the ltering of the desired frequency range. An adaptivity similar to hp-nite element method is obtained through the choice of an optimal dilation parameter. The analysis of the wave equation shows the e ectiveness of this approach. The frequency/wave number relationship of the continuum case can be closely simulated by using the reproducing kernel particle methods. A similar methodology is also developed for the Timoshenko beam.
Introduction
The reproducing kernel particle method (RKPM) has been emerging as a powerful tool in solving complex engineering problems with high gradients, shocks etc. Extensive analyses and discussions on RKPM can be found in 1], 2], 3], 4]. The present study is foucused on the development of multiple scale methods, which are based on RKPM and wavelet analysis. These permit the response of a system to be separated into di erent scales. These scales can either be the wave numbers corresponding to spatial variables or the frequencies corresponding to temporal variables; each scale response can be examined separately. This complete characterization of the unknown response is performed through the integral window transform. A space-scale and time-frequency localization process based on the multiresolution analysis ( 5] , 6], 7], 8], 9] and references therein) is achieved by dilating the exible multiple scale window function. This exible space-scale window function is constructed to resemble the well-known smooth particle hydrodynamics ( 10] and references therein), and the unstructured adaptive nite element methods. However, the multiple scale adaptive re nements are performed simply by inserting nodes into the highest wavelet scale solution region, and at the same time narrowing the window function. Hence, hp-like adaptive re nements can be performed without a mesh.
The methods developed here are applied to structural acoustics and structural dynamics. These methods provide the capability to perform e cient and accurate computations of the structural response which combine both the low and medium frequency parts of the spectrum. This new development enables engineers not only to bring more detail into their structural system models, but also enhances their computer simulations of many classes of multiple scale structural analysis. It improves the accuracy, e ciency, and reliability of dynamic analysis. This is of great importance because the noise prediction of a complex structure relies heavily on the accuracy of the numerical procedures which are used to analyze them.
In present study, a microscope is constructed using a exible space-wave number and time-frequency localized window function which translates and dilates in space and time to cover the entire domain of interest. This microscope can magnify, examine, and record the various scales and frequencies of the response locally within the support of the window function. This localization process can be achieved by dilating the exible multiple-scale window function. The zoom in and zoom out capability of the window function is especially useful in examining complex ow phenomena, such as ow induced vibration, dynamic stability of ow-structure interaction, turbulence structures, and high frequency structural dynamics response. The present study primarily deals with the frequency response of acoustic systems.
The organization of this paper is as follows. The fundamentals of the multiresolution analysis, and the general guidelines of the multiple-scale RKPM are introduced. The e ect of the dilation parameter on the solution accuracy as well as convergence rate is demonstrated. An adaptive re nement concept based on wavelets obtained through multiresolution analysis is introduced. The multiple-scale RKPM is formu-lated for wave propagation in bars and beams. The use of RKPM in acoustics is explored through several example problems. 
The basis functions which generate these subspaces are scaling functions. Scaling functions are a family of functions which are generated by the translation and dilation of a single function (x) mn (x) = a ?m=2 (a ?m x ? n) m; n 2 Z (2) where a and n are the dilation and translation parameters, respectively, and Z = f ; ?1; 0; 1; g. 
The wavelet, (x), is obtained from the scaling function, (x), by taking the di erences:
where c k are the wavelet coe cients ( lters), and have to satisfy the following two conditions: X c k = 2 and X X c k c k?2m = 2 0m k; m 2 Z (6) Through the implementation of this type of window function and the exploitation of the Fourier transform, it is possible to develop a new class of shape functions. Since these are closely related to nite elements, they can be used in the standard Galerkin formulation. The derivative of the shape function can be obtained by direct di erentiation without a nite element mapping. The two parameters, a and n, in the scaling function provide the ability to translate and dilate the window function. Since these window functions have compact supports, translation is required to move the window function within the domain. Thus, the ability to translate replaces the need to de ne elements. The dilation parameter is used to provide re nement. This dilation parameter also controls the convergence rate of the multiple scale RKPM.
In order to clarify the in uence of the dilation parameter on the computational accuracy, the following di erential equation u ;xx + 200sech 2 10(x ? 3)]tanh 10(x ? 3)] = 0 (7) with two essential boundary conditions u(0) = ?tanh(30) (8) u(6) = tanh(30) (9) is solved using a (12) where the superscript h denotes the RKPM solution.
As depicted in Fig. 1 , the rate of convergence of the L 2 norm (and H 1 norm) increases from 2 to 16 (and 1 to 15) for a Gaussian window by simply changing the dilation parameter of a single window function. The in uence of the dilation parameter is particularly apparent when the value of j is increased from 1:0 to 1:5. The fact that the accuracy and the convergence rate is enhanced, even though the number of grid points stayed constant, indicates the re nement characteristics of the dilation parameter. Beyond the value of j = 2:0, the combination of re nement and larger dilation parameter does not have a signi cant e ect on the accuracy and convergence rate.
Fundamental Concepts of Multiple-Scale RKPM
The basic development of the reproducing kernel particle method ( 1] (13) where C a (x; x ? y) is the boundary correction term, and its dependence on the dilation parameter is implied by the subscript a. A comprehensive discussion and the guidelines on constructing a correction function can be found in 11]. With the aid of the boundary correction term, the reproduction of a given function can be treated as a nite convolution of the function, u(y), and the kernel function x a . From the Fourier transform analysis perspective, this kernel function serves as a low-pass lter in a reconstruction procedure. The multiple scale RKPM is de ned by a family of kernel functions so that the wavelets corresponding to these kernel functions are de ned by:
Therefore, a multiple scale decomposition of a given response is given as u h (x) = u 0 (x) finest scale = w 1 (x) + u 1 (x) two ? level decomposition = w 1 (x) + w 2 (x) + u 2 (x) three ? level decomposition Similar to the multiresolution analysis, the multiple scale RKPM always starts from the nest scale and the di erent levels of the response can be derived by the decomposition algorithm introduced in Eq. (15) . It is emphasized that all computations are performed in the space-time domain. However, because of the multiple scale characteristics of the new time-frequency and space-wave number basis used to represent functions, the physical interpretation of the computed results becomes apparent.
hp-like Adaptivity
The exponential convergence behavior of the multiple scale RKPM, depicted in Fig.  1 , indicates that the RKPM has a similar feature of the adaptive p-nite element methods (see e.g. 12], 13], 14], 15] and references therein). However, the high convergence rate, or equivalently, the high value of p, can be achieved simply by increasing the size of the re nement parameter of a single window function. This relaxes some of the restrictions of the traditional p-nite element methods. There is no apprehension of the compatibility (or continuity) along the element boundaries of the hp-nite element mesh, since the RKPM requires only a set of nodes and the global sampling shape functions can be C 1 .
The multiresolution concept can further be used to construct hp-adaptive algorithms. The multiple scale adaptive re nements are performed simply by inserting nodes into the highest wavelet scale solution region, and at the same time, narrowing the size of the window function to pick up the ne-scale structure of the response. This zoom-in process, together with the addition of nodes, will result in an hp-like adaptive re nement algorithm. Hence, hp-like adaptive re nements can be performed without a mesh. Based on the multiple scale decomposition and the highest wavelet scale response, a convergence parameter or an error estimation indicator can be determined to locate the adaptivity regions. The adaptive re nement is accomplished by a single p-order (or C 1 ) exible space-scale window function that translates and dilates covering all the nodes in the computational domain. 
The interpolation formula given in Eq. (20) can be used to approximate the displacement and rotation elds in discretizing the Timoshenko beam problem:
where np is the total number of particles in the RKPM grid. The semi-discrete RKPM equations are formulated by substituting Eqs. (37) into Eq. (29), and by arranging terms for the case of equal length (h = x) between two nodes at an arbitrary interior node, j:
Am w j w j = ? GA(k w j;j?n w w j?n w + : : : + k w j;j?1 w j?1 +k w j;j w j + k w j;j+1 w j+1 + : : : + k w j;j+n w w j+n w ) + GA(k w j;j?n w j?n w + : : : + k w j;j?1 j?1 +k w j;j j + k w j;j+1 j+1 + : : : + k w j;j+n w j+n w )
Am j j = ? GA(k j;j?n j?n + : : : + k j;j?1 j?1 +k j;j j + k j;j+1 j+1 + : : : + k j;j+n j+n ) + GA(k w j;j?n w w j?n w + : : : + k w j;j?1 w j?1 +k w j;j w j + k w j;j+1 w j+1 + : : : + k w j;j+n w w j+n w )
? GA(k j;j?n j?n + : : : + k j;j?1 j?1 +k j;j j + k j;j+1 j+1 + : : : + k j;j+n j+n )
where m w j and m j are evaluated as lumped masses, k w j;j , k j;j , k w j;j , k w j;j and k j;j are the non-zero coe cients of the sti ness matrices K w AB , K AB , K w AB , K w AB and K AB , respectively, and n w , n , n w and n w indicate the number of nodes covered under the support of the window functions with the dilation parameters, a w and a for the rotation and transverse displacement.
The discrete Fourier matrix operators corresponding to the RKPM formulation is obtained by substituting the discrete wave form, Eq. Note that Eq. (48) is not only a function of the wave number, , and frequency, ! , it is also a function of the two dilation parameters for the transverse displacement and rotation, a w and a , respectively. The optimal values for the dilation parameters can be selected such that the discrete frequency relation Eq (48) is the same as that of the continuum frequency equation. In other words, by performing a dispersion analysis of the RKPM Timoshenko beam an optimal ratio of the dilation parameters for the transverse displacement and rotation can be determined. This optimal ratio dictates that the interpolation functions for the transverse displacement and rotation are constructed with a correct match between the bending and transverse shear frequencies (wave numbers or scales).
By substituting the exact wave number into both the discrete frequency relation Eq. (48) and the continuum frequency equation, the optimal values of dilation parameters a w and a can be found so that the frequency error is minimized. The comparison of the RKPM and the analytical dispersion relation for the Timoshenko beam, is depicted in Fig. 3 .
However, the fact that computational methods ought to handle problems in the absence of an analytical solution necessitates the establishment of criteria extracted from available information. An approach based on the minimization of the total beam energy to determine the optimal dilation parameters is proposed in the following section. 
Optimization of Dilation Parameters
Since the values of the dilation parameters play an important role in dictating the accuracy of the approximate solutions, the selection process necessitates a careful consideration. The fact that the RKPM formulation for a Timoshenko beam requires two dilation parameters, a w and a further complicates this selection. Here, an unconstrained optimization procedure is proposed to determine the dilation parameters by minimizing the total energy of the beam: b n = f a w ; a g (59) where the superscript n is the iteration counter.
A globally convergent method for nonlinear systems of equations based on a line search-backtracking algorithm given in 16] is adopted in the present study. According to this method, the independent variables are updated for the next iteration using the following relation:
where is to be determined such that W(b n + p) has decreased su ciently, and p is the Newton direction computed from the gradient with respect to the independent variables, i.e. rW = @W=@b. This gradient can be evaluated explicitly from the RKPM shape functions without resorting to approximations or lengthy function evaluations during computations.
The minimization process is terminated when the di erence in the energy and/or the independent variables after two consecutive iteration steps is smaller than a prescribed percentage. The last iteration values are treated as the converged solution of the absolute or local minimum. (62) A uniformly spaced grid of 25 by 25 particles is used with cubic splines as window functions. The resolution limit for this grid is 24 . The wavenumber spectrum is swept with increments of 0:1 through this resolution limit. As depicted in the L 2 plot in Fig. 4 , RKPM yields very good agreement with the analytical solution. RKPM is capable of resolving nearly the whole spectrum.
Radiation from a Cylinder
The Helmholtz equation in circular polar coordinate system is given as r 2 + 2 = 0 in (63) where r 2 is the Laplacian operator, and is the wave number. The boundary conditions on the arch is prescribed as (67) The solution of this problem is sought through RKPM with third-order splines selected as window functions. The initial grid consists of 19 rows of particles placed at 10 intervals in the circumferential direction (a total of 684 particles). The matrix governing equations are solved to determine the response which is not expected to be very accurate due to this relatively coarse grid. The results show that there is a high gradient region in ?30 30 . Therefore, an adaptive re nement procedure is considered through a multiple-scale decomposition described in Section 2.2. The wavelet solution is obtained using Eq. (17), and inspected for critical regions. Additional particles are inserted in the high gradient region, and the equations are solved again with the new grid. As seen in Fig. 5 , the adaptive grid with 1805 particles (most of them in the critical region) yields a smooth solution. The adaptive re nement is shown to eliminate the oscillations observed for the initial grid in the critical region. 
In numerical examples, the bar length is taken as 10 units. The RKPM is used with 11, 21 and 41 particles to obtain a measure for the convergence rate. In order to show the signi cance of the dilation parameter, a, several cases are considered by keeping the number of the particles constant and varying a. The comparison of the middle point displacement between the analytical and the RKPM solutions (with 11 particles) are depicted in Figs. 6 and Figs. 7 (the y-axis in Figs. 6 and Figs. 7 is de ned as U = u RKPM or u Analytical ).
For both of the numerical examples introduced earlier, the RKPM solution yields excellent agreement for low wave numbers. However, some deviation is observed near the resolution limit, . This di culty can partially be alleviated by increasing the value of the dilation parameter until 1:17 where further deterioration appears. This implies the existence of an optimum value of the dilation parameter.
Secondly, the solution accuracy for di erent wavenumbers (k = 1; 2; 3) is investigated. The convergence of the RKPM solution to the analytical solution is also determined by increasing the number of particles. Figures 8 depict the rate of convergence for Cases (i) and (ii). The increase in the overall error for higher wave numbers can be attributed to a larger resolution limit. Although the error is larger for higher wave numbers, a higher convergence rate is observed with grid re nement. Even with a relatively small number of particles a convergence rate of 4:18 indicates the e ectiveness of the RKPM. 
Timoshenko Beam
The RKPM formulation and the minimization approach introduced in Section 3.2 is implemented to obtain the response of a Timoshenko beam simply supported on both ends, and subjected to a uniform static load. The analytical solutions for the rotation and transverse displacement are given as: 
The geometrical and material characteristics used in the computational analysis are tabulated in Table 1 . The RKPM grid consists of 15 particles, and cubic splines are used as window functions. The minimization procedure outlined in Section 3.2 is applied to determine the criteria governing the selection of the dilation parameters. A surface plot to depict the dependence of the total beam energy on the dilation parameters is presented in Fig. 9 .
There is no clear absolute minimum for the present example problem. Hence, a straight-forward convergence to the absolute minimum cannot be expected. Consequently, the e ect of using a local minimum on the overall accuracy needs to be investigated. Two arbitrary starting points, referred to as initial guesses, are selected to show that the dilation parameters representing a local minimum away from the absolute minimum provides comparably accurate solutions. In the present example, the absolute minimum for the energy is obtained when the dilation parameters are selected as a w = 5:61 and a = 6:61. The response of the beam computed using this pair yields excellent agreement with the analytical solution with only 15 particles in the grid. Comparisons among the results using absolute minimum, di erent initial guesses, local minima and analytical solution are presented for two cases:
In Fig. 10 , a w = 2:00 and a = 4:00 are chosen as initial guesses for the minimization. The dilation parameters obtained following the minimization procedure are a w = 5:75 and a = 5:98. Although the response obtained through the initial guesses is very di erent from the analytical solution, the result computed with the dilation parameters corresponding to the converged local minimum is in a good agreement with the analytical solution.
In the second example, the initial guesses for the dilation parameters are selected as a w = 4:00 and a = 1:00. Similar to the preceding case, the beam response with these dilation parameter pair is not acceptable. As shown in Fig. 11 , the local minimum is found to be a w = 4:68 and a = 1:23. Although these values are from a completely di erent part of the surface in Fig. 9 , the corresponding beam response Both cases indicate that it is not crucial to nd the absolute minimum of a w , a on the energy surface. A minimization process may be applied to start from an arbitrary point on the surface, and converge to any local minimum for a w , and a . Even though a local minimum may be located far away from the absolute minimum, the response obtained by using the dilation parameters corresponding to that local minimum provides a good representation of the actual response.
Conclusions and Discussion
A multiple-scale RKPM formulation based on some basic concepts of the multiresolution analysis is introduced to be used in computational acoustics. RKPM utilizes two important features inherent to window functions derived from multiresolution analysis: translation and dilation. Translation allows exibility in locating the window such that the domain can be properly spanned. Thus, the need for elements can be eliminated. On the other hand, dilation a ects the size of the window, and consequently, in uences the number of points under the compact support of the window. Hence, a grid re nement is provided by an increase in the dilation parameter.
Through multiple scale RKPM, a decomposition in scales is invoked that provides a criterion for adaptive re nements in a particle grid. The di erence in scales are used to construct an algorithm which allows the computations to be carried out in the space-time domain avoiding costly Fourier analyses. The computational results of a radiation from a cylinder show that a coarse initial grid is appropriate only to obtain Multiple scale concepts are further employed in deriving formulations for the wave equation and the Timoshenko beam equation. The e ect of the dilation parameters on the computational performance is investigated through dispersion relations. Due to the need for two dilation parameters, one for displacements and the other for rotations, the Timoshenko beam formulation necessitated a careful analysis. It is possible to identify the optimal dilation parameter pairs to yield a computational dispersion relation very close to the analytical one. However, the choice of dilation parameters appear to be frequency and wavenumber dependent. An unconstrained minimization procedure based on the total beam energy is proposed to determine the best dilation parameter pair to be used in computations. The results show that the dilation parameters corresponding to the absolute minimum of the beam energy yields excellent agreement with the available analytical solution. Further studies revealed that the identi cation of the absolute minimum is not necessary, and a local minimum which is more likely to be picked by the minimization procedure is as adequate in representing the physics of a simply supported Timoshenko beam.
The present work reveals encouraging nding on the use of RKPM in solving acoustic problems. With proper modi cations, the formulations derived here may be extended to tackle more complicated uid ow problems broading the scope of meshless methods.
